, and that (L, D(L)) is its infinitesimal generator. We study the intrinsic ultracontractivity for the
, and that (L, D(L)) is its infinitesimal generator. We study the intrinsic ultracontractivity for the Feynman-Kac semigroup (T V t ) t 0 generated by L V := L − V , where V 0 is a non-negative locally bounded measurable function such that Lebesgue measure of the set {x ∈ R d : V (x) r} is finite for every r > 0. By using intrinsic super Poincaré inequalities and establishing an explicit lower bound estimate for the ground state, we present general criteria for the intrinsic ultracontractivity of (T for some α ∈ (0, 2) and γ ∈ (1, ∞], and the potential function V (x) = |x| θ for some θ > 0, then (T 
Introduction and Main Results
Let (D, D(D)) be a symmetric non-local Dirichlet form as follows
where J(x, y) is a non-negative measurable function on R d × R d satisfying the following conditions:
(1) J(x, y) = J(y, x) for all x, y ∈ R d ; (2) There exist α 1 , α 2 ∈ (0, 2) with α 1 α 2 and positive κ, c 1 , c 2 such that , and there is a Hunt process (X t ) t 0 , P x with state space R d \N such that for every f ∈ L 2 (R d ; dx) and t > 0, x → E x (f (X t )) is a quasi-continuous version of T t f , where E x is the expectation under the probability measure P x and (T t ) t 0 is the 
Moreover, for every t > 0 and y ∈ R d \ N, the function x → p(t, x, y) is quasicontinuous on R d \ N, and for any t > 0 there is a constant c t > 0 such that for any x, y ∈ R d \ N, 0 < p(t, x, y) c t . First, we make the following continuity assumption on p(t, x, y).
(A1) N = ∅; moreover, for every t > 0, the function (x, y) → p(t, x, y) is continuous on R d × R d , and 0 < p(t, x, y) c t for all x, y ∈ R d .
In particular, (A1) implies that the Hunt process (X t ) t 0 , P x is well defined for all x ∈ R d , and the associated strongly continuous Markov semigroup (T t ) t 0 is ultracontractive, i.e. T t f L ∞ (R d ;dx) c t f L 1 (R d ;dx) for all t > 0 and every f ∈ L 1 (R d ; dx). When for any x, y ∈ R d , J(x, y) = ρ(x − y) holds with some non-negative measurable function R d such that ρ(z) = ρ(−z) for all z ∈ R d and R d \{0} (1 ∧ |z| 2 )ρ(z) dz < ∞, the corresponding Hunt process (X t ) t 0 is a symmetric Lévy process having Lévy jump measure ν(dz) = ρ(z) dz. In this case, assumption (A1) is equivalent to e −tΨ 0 (·) ∈ L 1 (R d ; dx) for any t > 0, where the characteristic exponent or the symbol Ψ 0 of Lévy process (X t ) t 0 is defined by E x e i ξ,Xt−x = e −tΨ 0 (ξ) , x, ξ ∈ R d , t > 0.
It is well known that the Lévy process enjoys the space-homogeneous property. For sufficient conditions on the jump density J(x, y) such that the associated spaceinhomogeneous Hunt process (X t ) t 0 satisfies assumption (A1), we refer the reader to [4, 5, 6, 1, 7] and the references therein. Let V be a non-negative measurable and locally bounded potential function on R d . Define the Feynman-Kac semigroup (T V t ) t 0 associated with the Hunt process (X t ) t 0 as follows:
It is easy to check that (T 
, and there exists a bounded, positive and symmetric tran-
, and for every 1 p ∞,
The following result gives us an easy criterion for the compactness of the semigroup (T V t ) t 0 . The proof is mainly based on [20, Corollary 1.3] . For the sake of completeness, we will provide its proof at the beginning of Section 2.
is finite, then the semigroup (T V t ) t 0 is compact. From now on, we will take the following assumption: (A2) Lebesgue measure of the set {x ∈ R d : V (x) r} is finite for any r > 0.
In particular, according to Proposition 1.1, the semigroup (T V t ) t 0 is compact. By general theory of semigroups for compact operators, there exists an orthonormal basis of eigenfunctions
) denotes the infinitesimal generator of the semigroup (T V t ) t 0 . The first eigenfunction φ 1 is called ground state in the literature. Furthermore, according to assumptions above, we have the following property for φ 1 . The proof is also left to the beginning of Section 2. Proposition 1.2. Under Assumptions (A1) and (A2), there exists a version of φ 1 which is bounded, continuous and strictly positive.
To derive a upper bound estimate for the ground state φ 1 , we need the explicit expression of the operator L V , which is given by
Here, (L, D(L)) is the generator associated with Dirichlet form (D, D(D)). In Lévy case, it is easy to see that for any
where ρ is the density function of the Lévy measure. For general non-local Dirichlet
and for any r > 0 large enough,
e.g. see [21, Theorem 1.1] for more details. According to the discussions above, sometime we adopt the following regular assumptions on J(x, y) and the operator L V , which are satisfied for all symmetric Lévy processes.
(A3) The jump kernel J(x, y) satisfies that
(1.3)
Throughout this paper, we always assume that assumptions (A1) and (A2) hold, and that the ground state φ 1 is bounded, continuous and strictly positive. In this paper, we are concerned with the intrinsic ultracontractivity for the semigroup (T V t ) t 0 . We first recall the definition of intrinsic ultracontractivity for Feynman-Kac semigroups introduced in [9] . The semigroup (T V t ) t 0 is intrinsically ultracontractive if and only if for any t > 0, there exists a constant C t > 0 such that for all x, y ∈ R d ,
In the framework of the semigroup theory, define
. Recently, the intrinsic ultracontractivity of (T V t ) t 0 associated with some special pure jump symmetric Lévy process (X t ) t 0 has been investigated in [14, 11, 12] . The approach of all these cited papers is based on sharp and explicit pointwise upper and lower bound estimates for the ground state φ 1 corresponding to the semigroup (T V t ) t 0 . However, to apply such powerful technique, some restrictions on the density function of jump kernel are needed, e.g. see [12, Assumption 2.1] . In particular, in Lévy case the following typical example
with α ∈ (0, 2) and γ ∈ (1, ∞] is not included in [14, 12, 11] .
Here and in what follows, for two functions f and g defined on
which is associated with the truncated symmetric α-stable process. As mentioned in [6, 7, 1] , such jump density function J(x, y) is very important in applications, and it arises in statistical physics to model turbulence as well as in mathematical finance to model stochastic volatility. Furthermore, the following growth condition on the potential function
was commonly used in [14, 11, 12] to derive the intrinsic ultracontractivity of (T V t ) t 0 . However, as shown by Proposition 1.2, assumption (A2), which is much weaker than (1.5), is sufficient to ensure the compactness of (T V t ) t 0 . Therefore, a natural question is whether one can give some sufficient conditions for the intrinsic ultracontractivity of (T V t ) t 0 without the restrictive condition (1.5). In this paper, we will make use of super Poincaré inequalities with respect to infinite measure developed in [17] and functional inequalities for non-local Dirichlet forms recently studied in [19, 22, 3] to deal with the questions mentioned above. We aim to present some sharp conditions on the potential function V such that the associated Feynman-Kac semigroup (T V t ) t 0 is intrinsically ultracontractive, and also derive explicit two-sided estimates for the ground state φ 1 . Our method is new and completely different from that of [14, 11, 12] . There are some novelties in our paper.
(i) We can deal with the example J(x, y) mentioned above, which essentially means that small jumps play the dominant roles for the behavior of the associated process. However, the approach of [14, 11, 12] does not work for in this case. (ii) For a large class of potential functions V which do not satisfy the growth condition (1.5) or the regularity condition (1.9) below, we can still obtain some optimal sufficient conditions for the intrinsic ultracontractivity of (T V t ) t 0 , which to the best of our knowledge do not appear in the literature. (iii) Compared with the approach used in [14, 11, 12] , our method here efficiently applies to Hunt process generated by non-local Dirichlet forms. In particular, the associated process does not like Lévy process, and it is usually not spacehomogeneous.
Now, we will present main results of our paper, which will be split into two subsections. 
If θ 1 = 1 and θ 2 > 2 or if θ 1 > 1, then (T V t ) t 0 is intrinsically ultracontractive, and for any ε > 0, there exists a constant c 5 = c 5 (ε) > 0 such that for all x ∈ R d ,
Additionally, if (A3) also holds and
To show that Theorem 1.3 is sharp, we have the following example, which, as mentioned above, can not be studied by the method used in [14, 11, 12] . Example 1.4. Suppose that assumptions (A1), (A2) and (A3) hold, and
where α ∈ (0, 2) and γ ∈ (1, ∞]. If V (x) = |x| θ for some constant θ > 0, then the semigroup (T V t ) t 0 is intrinsically ultracontractive if and only if θ > 1. When θ > 1, we have the following explicit two-sided estimates for the ground state φ 1 .
(1) If γ = ∞, i.e. the associated Hunt process (X t ) t 0 is with finite range jumps, for any ε ∈ (0, 1), there exist c i = c i (ε, θ) (i = 1, 2) such that for all x ∈ R d ,
holds for some positive constants c 3 = c 3 (θ, γ) and c 5 (θ, γ).
We make some comments on Theorem 1.3 and Example 1.4. 
Intuitively, regularity condition (1.9) means that the rate for the oscillation of V is mild. However, according to (1.6), we know from Theorem 1.3 that (T V t ) t 0 still may be intrinsically ultracontractive without such regular condition on V . The reader can refer to Proposition 3.8 below for more general conditions on V . Roughly speaking, the upper bound for V in (1.6) is used to control the lower bound for the ground state φ 1 , while the lower bound for V is needed to establish the upper bound estimate for φ 1 , and also the intrinsic (local) super Poincaré inequality for Dirichlet form (D, D(D)).
(2) In Lévy case, if V (x) = |x| θ for some θ > 0, the conclusion of Example 1.4 says that (T V t ) t 0 is intrinsically ultracontractive if and only if θ > 1. Such condition on V is the same as that in case of γ = 1, which is associated with the Feynman-Kac semigroup for relativistic α-stable processes, see [14, Theorem 1.6 and the remark below] for more details. However, the case γ ∈ (1, ∞] does not fit the framework of [14, 12, 11] , and it is essentially different from the case γ ∈ (0, 1). Indeed, let ρ be the density function of the Lévy measure. According to [11, Assumption 2.1], the function ρ is required to satisfy that (i) There exists a constant C 1 > 0 such that for every 1 |y| |x|,
(ii) There exists a constant C 2 > 0 such that for all x, y ∈ R d with |x − y| > 1,
By [12, Example 4.1 (3)], the assumptions (i) and (ii) are only satisfied when γ ∈ (0, 1]. On the other hand, the difference between γ > 1 and 0 < γ 1 is also indicated by [7, Theorem 1.2 (1) and (2)], where explicit global heat kernel estimates of the associated process (depending on the parameter γ) are presented.
(3) In Example 1.4 (1), i.e. γ = ∞, the symmetric Hunt process associated with density function J above is the truncated symmetric α-stable-like process, e.g. see [6] . On the other hand, if the Hunt process is a Brownian motion and V (x) = |x| θ for some θ > 0, then, according to [9, Theorem 6.1] (at least in one dimension case), we know that the associated Feynman-Kac semigroup is intrinsically ultracontractive if and only if θ > 2. This, along with Example 1.4 (1), indicates the difference of the intrinsic ultracontractivity for Feynman-Kac semigroups between Lévy process (symmetric jump processes) with finite range jumps and Brownian motion. (1) |A| < ∞ and
(2) There exist positive constants c i (i = 3, 4), θ i (i = 1, 2) with θ 1 > 2 and constant θ 3 ∈ R such that for all x ∈ R d with |x| large enough,
(3) There exist positive constants c i (i = 5, 6) and η i (i = 1, 2) such that for every R > 2,
Then, we have (i) If η 1 = 1 and η 2 > 1, then the associated Feynman-Kac semigroup (T V t ) t 0 is intrinsically ultracontractive.
(ii) If η 1 = η 2 = 1, then there exists a constant c 0 > 0 such that for any c 6 > c 0 , the associated semigroup (T V t ) t 0 is intrinsically ultracontractive. The following example shows that Theorem 1.6 is sharp in some situation.
B(x n , r n ) such that for any n 1, x n ∈ R d with |x n | = n, and
for some positive constants c i and η i (i = 1, 2). Suppose that
where θ > 1 is a constant. Then, the following statements hold.
The remainder of this paper is arranged as follows. In Section 2, we will present a general criterion, in terms of intrinsic super Poincaré inequality, for the intrinsic ultracontractivity of Feynman-Kac semigroup. The criterion is interesting of itself, and it is practical in the sense that it is applicable to Feynman-Kac semigroups for symmetric non-local Dirichlet forms with finite range jumps and more general potential functions than these in [14, 12, 11] . Section 3 is devoted to sufficient conditions on the potential function V for the intrinsic ultracontractivity of the Feynman-Kac semigroups, which will finally give us the proofs of all the statements in Section 1. In particular, we use the probabilistic method and the iterated approach to derive an explicit lower bound estimate for ground state of the semigruoup (T Notation Throughout this paper, let d 1. By |x| we denote the Euclidean norm of x ∈ R d , and by |A| the Lebesgue measure of a Borel set A. Denote by B(x, r) the ball with center x ∈ R d and radius r > 0. For any A, B ⊂ R d , let dist(A, B) = inf{|x − y| : x ∈ A, y ∈ B}. We will write c = c(κ, δ, ε, λ, . . .) to indicate the dependence of the constant c on parameters. The constants may change their values from one line to the next, even on the same line in the same formula. For any measurable functions f , g and any σ-finite measure µ on
2. Intrinsic Ultracontractivity of Feynman-Kac Semigroups:
General Framework
We first present the proofs of Propositions 1.1 and 1.2.
Proof of Proposition 1.1. Let (T t ) t 0 be the Markov semigroup associated with the regular Dirichlet form (D, D(D)). Under assumption (A1), for every t > 0,
According to [18, Theorem 3.3.15] , the following super Poincaré inequality holds
where
Therefore, we can take the reference symmetric function µ in [20 Consider the following non-local Dirichlet form:
Proof of Proposition 1.2. For any t > 0 and x, y ∈ R d , p V (t, x, y) p(t, x, y) c t , so the semigroup (T V t ) t 0 is ultracontractive. In particular, by the symmetric property of (T
, yields that there is a version of φ 1 which is bounded.
For any R > 0, let φ 
Letting n → ∞ and then R → ∞, we arrive at lim n→∞ φ 1 (x n ) = φ 1 (x). Therefore there exists a version of φ 1 which is continuous. Due to the following variational principle
and the fact
, we know that φ 1 0. Now, assume that φ 1 (x 0 ) = 0 for some x 0 ∈ R d . Since p V (t, x, y) > 0 for any t > 0 and x, y ∈ R d , and
we find by the continuity of φ 1 that φ 1 (x) = 0 for every x ∈ R d . This contradiction implies that φ 1 > 0 is positive everywhere. The proof is complete.
The remainder of this section is devoted to a general criterion for intrinsic ultracontractivity of the semigroup (T V t ) t 0 , which will be applied to concrete setting in the next section. For this, we take the following assumption on V . (A4) There exists a constant K > 0 such that
According to assumption (A2), {x ∈ R d : V (x) K} < ∞. Therefore, assumption (A4) means that the potential function V tends to infinity as |x| → ∞ on the complement of a set (maybe unbounded) with finite Lebesgue measure. Obviously (A4) holds true when
For the constant K in assumption (A4), let
On the other hand, due to the fact {x ∈ R d : V (x) K} < ∞, it is easy to see that lim R→∞ Θ(R) = 0.
In particular, if (2.10) holds, then for any constant K > 0, Θ(R) = 0 when R > 0 is large enough. Our main result is as follows. 
holds
Then, the following intrinsic mixed type super Poincaré inequality
holds with the rate functions . Moreover, we have (i) If (2.10) holds, then the following super Poincaré inequality
holds for some constant r 1 > 0. Consequently, if
where s n := β −1 (
) with c 1 := φ 1 2 ∞ , then the following super Poincaré inequality holds
where r 2 is a positive constant,
(2.15)
Proof. Throughout the proof, we denote by µ the Lebesgue measure on
and R r 0 , it holds that
This, along with conditions (1) and (2), gives us that for any R,s > 0 and
in the inequality above, we can get the required mixed type super Poincaré inequality (2.11) for all s ∈ (0, s 0 ]. Hence, the proof of the first assertion is completed by choosing β(s) = β(s 0 ) and γ(s) = γ(s 0 ) for all s s 0 .
(2) Suppose that (2.10) holds. Then Θ(R) = 0 for R > 0 large enough. This immediately yields the true super Poincaré inequality (2.13) with some constant r 1 > 0.
Let (T V t ) t 0 be the strongly continuous semigroup defined by (1.4). Due to the fact that
Combining (2.16) with (2.13) gives us the following intrinsic super Poincaré inequality
, s > 0, where the rate function β(s) is given by (2.12). In particular, for any s ∈ (0, 1/(2λ 1 )),
which implies that
Therefore, the desired assertion for the ultracontractivity of the semigroup (T V t ) t 0 (or equivalently, the intrinsic ultracontractivityof the semigroup (T (3) Now we assume that (2.14) holds. Note that, for every
, and so it suffices to prove that (2.1) holds for
where n 0 is an integer to be determined later. Next, we define
According to (2.11) and the fact that f n ∈ D(D V ), for all n 0 and 0 < s s 0 ,
Due to the Cauchy-Schwarz inequality and the fact that µ(f 2 ) = 1,
with n log δ
Since (2.14) holds true, there exists an integer
Furthermore, it is easy to see that
Combining with all the conclusions above and noting that s n is non-increasing with respect to n, we arrive at (2.19)
On the other hand, applying f ∧ δ n 0 +1 2 into (2.13), we have
where the second inequality also follows from [18, Lemma 3.3.2]. Hence, noticing that n 0 − log δ 4δγ(s 0 ) and taking s = γ −1 1 4δ n 0 +1 in the inequality above, we get that
According to (2.17), (2.19) and (2.20), we obtain
Since µ(f 2 ) = 1, this implies that
Hence, for s > 0 small enough, we arrive at the desired super Poincaré inequality by taking n 0 to be n 0 (s) defined by (2.15). The intrinsic ultracontractivity of (T V t ) t 0 is easily verified by following the argument of (2).
At the end of this section, we present the following sufficient conditions for a upper bound estimate of the ground state. 
then there is a constant C 1 > 0 such that
Proof. Under (2.21), we know that
According to [9, Theorem 3.2], the intrinsic ultracontractivity of (T V t ) t 0 implies that for every t > 0, there is a constant c t > 0 such that
Therefore,
which yields the required assertion.
Intrinsic Ultracontractivity of Feynman-Kac Semigroups: General Conditions On Potential Function
Throughout this section, we suppose that conditions (1.1) and (1.2) hold for the jump kernel J(x, y) of the process (X t ) 0 , i.e., there exist α 1 , α 2 ∈ (0, 2) with α 1 α 2 and positive c 1 , c 2 , κ such that In particular, when J(x, y) = 0 for any x, y ∈ R d with |x − y| > κ, the process (X t ) t 0 has finite range jumps.
3.1.
Lower bound estimate for the ground state. We will establish some lower bound estimate for the ground state φ 1 , which is necessary to apply Theorem 2.1.
For any Borel set D ⊆ R d , let τ D := inf{t > 0 : X t / ∈ D} be the first exit time from D of the process (X t ) t 0 . Denote by B(x, r) the ball with center at x ∈ R d and radius r > 0.
Lemma 3.1. There exist positive constants c 0 := c 0 (κ) and r 0 := r 0 (κ) such that for every r ∈ (0, r 0 ] and x ∈ R d , we have
Proof. For any 0 < s < κ, set
According to [2, Theorem 2.1], there exists a constant r 0 := r 0 (κ) > 0 such that for every 0 < r < r 0 , t > 0 and
where C 1 is a positive constant independent of t and r.
Without lose of generality, we may and do assume that 0 < r 0 < 1. Then, by (1.1) and (1.2), for every r ∈ (0, r 0 )
Let c 0 := c 0 (κ) be a positive constant such that c 0 C 1 C 3 1/2. Then the required assertion (3.22) follows from (3.23) by taking t = c 0 r
Lemma 3.2. Let r 0 , c 0 be the constants given in Lemma 3.1, and set ε 0 = r 0 /κ. Then, for any ε ∈ (0, ε 0 ), any two disjoint sets B ⊇ B(x, εκ) and D = B(y, εκ) for some x, y ∈ R d satisfying that dist(B, D) > εκ and |z 1 − z 2 | κ for every z 1 ∈ B and z 2 ∈ D, and every 0 < t 1 < t 2 < T (κ, ε) := c 0 (εκ)
, it holds that
where c 1 is a positive constant independent of κ, ε, x and y.
Proof. Denote by p B (t, x, y) the density of the process (X t ) t 0 killed on exiting the set B, i.e.
According to the framework of the Lévy system for the Dirichlet form 
Then, following the proof of [14, Proposition 2.5], we get that
Therefore, it holds for every ε ∈ (0, ε 0 ),
where in the first inequality we have used (1.1), the second inequality is due to |y − z| κ for every y ∈ B and z ∈ D, and the last inequality follows from (3.22) with r = εκ. . Then, there is a constant c 2 (κ, ε) > 0 such that for all x ∈ R d with |x| >
and x i = ix/n for any 0 i n, where ⌊x⌋ denotes the largest integer less than or equal to x. In particular, x 0 = 0, x n = x and
Next, for all 0 i n, set D i := B(x i , 2εκ). We can check that for all
In the following, we defineD i := B(x i , εκ) for 0 i n, and set for all n 1,
By the convention, we also setτ D n+1 = 0. Then,
where in the last equality we have used the strong Markov property. On the one hand, according to Lemma 3.2, for any
where in the third inequality we have used Lemma 3. On the other hand, due to Lemma 3.1, if Xτ D 1 ∈D 0 , then
c(κ, ε).
Combining all the estimates above with the fact that n 1 (1−5ε)κ |x|, we obtain that
which completes the proof.
According to Lemma 3.3, we can obtain the following lower bound estimate for the ground state.
Proposition 3.4. For any ε ∈ (0, min(1/11, ε 0 )) and x ∈ R d , it holds
for some positive constant c 3 (κ, ε) independent of x.
Proof. Since φ 1 is continuous and strictly positive, we only need to verify the desired assertion for x ∈ R d with |x| > κ(1−5ε)(1−4ε) ε . According to (3.24), we have for any
where c := (inf y∈D φ 1 (y)) −1 < ∞. This immediately yields the desired assertion.
3.2.
Intrinsic local super Poincaré inequality. In this part, we will present the following local intrinsic super Poincaré inequality. 
Proof. (i) According to (1.1) and the fact that
Next, we follow the argument of [3, Lemma 2.1] to obtain that for any s > 0, r κ and
holds with some constant c 2 (κ) > 0. If (3.29) holds, then, combining with both conclusions above, we complete the proof.
(ii) Next, we turn to the proof of (3.29). For any 0 < s r and f ∈ C
We have
and
Thus,
Therefore, for any f ∈ C 2 c (R d ) and 0 < s r,
In particular, for any f ∈ C 2 c (R d ) and 0 < s κ r,
which implies that there exists a constant s 0 := s 0 (κ) > 0 such that for all s ∈ (0, s 0 ],
This proves the desired assertion (3.29). Theorem 3.7. Assume assumption (A4) holds. For some ε ∈ (0, min(1/11, ε 0 )), define
where ε 0 is the constant in Lemma 3.2 and c(κ) is the constant in Proposition 3.5.
For the constant K in (A4), let
We furthermore define
(1) If lim |x|→∞ V (x) = ∞, and 4δ(
s .
Then (T V t ) t 0 is intrinsically ultracontractive. Now, we are in a position to give the proofs of all the statements in Section 1. First, we present the Let ε ∈ (0, min(1/11, ε 0 )). Since
we have the following estimate for the function ϕ given by (3.30)
On the other hand, since
we obtain
Therefore, the rate function β(r) defined by (3.31) satisfies that for s > 0 small enough
In particular,
, r > 0 large enough.
Then, the first desired conclusion immediately follows from Theorem 3.7.
(2) The required lower bound for the ground state φ 1 immediately follows from (3.28). Next, we will verify the upper bound. Assume that θ 1 = 1 and θ 2 > 2 or θ 2 > 1. Then, the semigroup (T V t ) t 0 is intrinsically ultracontractive. For any 0 < λ < θ 1 , let
Suppose that assumption (A4) holds and for any x, y ∈ R d with |x − y| > κ, J(x, y) = 0. Then, the generator L V of the associated the Feynman-Kac semigroup (T V t ) t 0 enjoys the expression (1.3). For |x| large enough, we obtain by the mean value theorem that
for |x| large enough. Note that the function x → L V ψ(x) is locally bounded, we know from the inequality above that (2.21) holds with some constant λ > 0. Therefore, the required upper bound for φ 1 follows from Proposition 2.2.
Indeed, according to Theorem 3.7, we also have the following statements. The proofs are similar to that of Theorem 1.3, and so we omit them here.
Proposition 3.8. Suppose that (1.1), (1.2), assumptions (A1) and (A2) hold. Then, we have the following two assertions.
(1) If there are positive constants c 5 , c 6 , θ 5 , θ 6 with θ 5 > θ 6 + 1 such that for all
then (T V t ) t 0 is intrinsically ultracontractive, and for any ε > 0 there is a constant C 3 := C 3 (ε) > 0 such that for all x ∈ R d ,
Additionally, if moreover (A3) also holds and J(x, y) = 0, x, y ∈ R d with |x − y| > κ, then for any ε > 0, there exists a constant C 4 := C 4 (ε) > 0 such that for all
(2) If there are positive constants c 7 , c 8 , θ 7 , θ 8 with θ 7 θ 8 such that for all
then (T V t ) t 0 is intrinsically ultracontractive, and for any ε > 0 there is a constant C 5 := C 5 (ε) > 0 such that for all x ∈ R d ,
Additionally, if moreover (A3) also holds and J(x, y) = 0, x, y ∈ R d with |x − y| > κ, then for any
Next, we turn to the Proof of Example 1.4.
(1) According to Theorem 1.3, we know that (T V t ) t 0 is intrinsically ultracontractive if V (x) = |x| θ for some θ > 1. Now we are going to verify that if V (x) = |x| θ for some 0 < θ 1, then (T V t ) t 0 is not intrinsically ultracontractive. We mainly use the method of [14, Theorem 1.6] (see [14, pp. 5055-5056] ) and disprove [14, Condition 1.3, p. 5027]. Let p(t, x, y) be the heat kernel for the associated process (X t ) t 0 . According to [7, (1.16) For |x| large enough,
On the other hand, for |x| large enough,
Combining both conclusions above with the fact that θ ∈ (0, 1], we get that for any fixed t ∈ (0, 1], there is not a constant C t > 0 such that for |x| large enough, (2) If γ = ∞ and θ > 1, then the ground state estimate (1.7) immediately follows from Theorem 1.3. When 1 < γ < ∞ and θ > 1, one can apply Proposition 3.4 to get a lower bound estimate for φ 1 , which however is not optimal. Instead, we will adopt a slightly different argument from that of Proposition 3.4, and will derive a more accurate lower bound estimate, which is partly inspired by [7, Theorem 5.4] .
For any λ > 0, we choose a constant
where ε 0 > 0 is the same constant in Lemma 3.2. For every x ∈ R d with |x| e 2 γ θ(1+2ε) γ ∨ (e − 1) and θ
and x i := ix/n for any 0 i n, where ⌊x⌋ denotes the largest integer less than or equal to x. Next, for all 0 i n, set D i := B(x i , ε). Note that
we can check that for each 0 i n − 1,
where z i ∈ D i . In the following, we defineD i := B(x i , ε/2) for 0 i n, and set for all n 1τ
By the convention, we also setτ D n+1 = 0. Let T (1, ε) be the same constant in Lemma 3.2 with κ = 1. 
where in the last inequality we have used (3.26). Furthermore, we find that (3.25) and (3.27) are still valid here. Therefore, combining with all the estimates above, we obtain that for |x| large enough
where in the third inequality we have used the property (3.35). Hence, following the same argument as that of Proposition 3.4, we finally arrive at
In particular, by taking λ > 0 small enough in the inequality above, we indeed can get the lower bound estimate in (1.8) with any constant c 4 > 2. At the last, we turn to the proofs of Theorem 1.6 and Example 1.7.
Proof of Theorem 1.6. Following the argument of Theorem 1.3, for R, r > 0 large enough Φ(R) c 3 R log θ 1 R and β −1 (r) c 4 log(1 + r) log θ 1 −1 log(e + r) . Then, for any fixed δ > e, there is an integer N 0 (δ) 1 such that for all n N 0 (δ), s n := β −1 (cδ n ) c 7 (log δ) −1 n −1 (log n) −(θ 1 −1) , where c 7 > 0 is independent of δ. Therefore, for n large enough, (3.36) γ(s n ) c 8 exp −c 2 c 9 (log δ) η 1 n η 1 (log n) η 2 −η 1 , where c 9 is a constant independent of δ.
According to (3.36) , if η 1 = 1 and η 2 > 1, then (3.32) holds true, and we have the following estimate for the rate functionβ(s) defined by (3.34) (3.37)β(s) C exp C 1 + 1 s log 1−θ 1 1 + 1 s , which implies that (3.33) is satisfied. Therefore, according to Theorem 3.7, we know that the semigroup (T V t ) t 0 is intrinsically ultracontractive. On the other hand, it follows from (3.36) that, when η 1 = η 2 = 1 and c 2 > 1 c 9 , (3.32) holds true. Then, following the arguments above, we can get the same estimate (3.37) forβ(s) (possibly with different constant C in (3.37)), and so the semigroup (T where the first equality follows from the fact that V (z) = 1 for every z ∈ B n , and in the second equality B n := B(x n , r n ) and p Bn (t, x, y) denotes the Dirichlet heat kernel of the process (X t ) t 0 on B n . Furthermore, according to [13, Theorem 1.2] , for n large enough,
Bn (x n ) 1 ∧ δ α/2
Bn (y) , where δ Bn (x) := dist(x, ∂B n ) is the distance between x ∈ B n and the boundary ∂B n of the set B n . Hence, we obtain ).
